Abstract. Standard solutions on R 3 have been introduced in the fundamental paper of Perelman about Ricci flow and surgery. We show that their generalizations to R n+1 due to Lu and Tian, with n ≥ 2, are Type-II and converge to the Bryant soliton, once suitably rescaled; that proves a conjecture by Chow and Tian. We also analyse a few properties related to the formation and nature of the singularity.
Introduction
Let M be a smooth manifold. Given an initial metric g 0 , Hamilton's Ricci flow is the evolution equation [15] ∂g ∂t = −2 Ric(g(t)), g(0) = g 0 .
In the fundamental paper [24] Perelman introduced a special class of solutions to the Ricci flow problem on R 3 which he called standard : they are obtained by evolving metrics constructed by smoothly gluing a hemispherical cap region to a round cylinder of scalar curvature one. Standard solutions were used to locally describe the behaviour of the flow after performing topological surgery. To this aim, Perelman first analysed several properties of this family; among various results, he proved that any standard solution is unique, rotationally symmetric and develops a global singularity exactly at the maximal time of existence of the Ricci flow starting from the round metric of scalar curvature one on R × S 2 . In [20] Lu and Tian generalized Perelman's standard solutions to higher dimensions; they considered Ricci flow solutions on R n+1 , with n ≥ 2, starting at some rotationally symmetric metric with nonnegative curvature, sufficiently bounded geometry and asymptotic to a round cylinder at spatial infinity. They then called such solutions standard. Before the seminal work of Chen and Zhu [7] , Lu and Tian also showed that similarly to their three-dimensional counterparts, standard solutions on R n+1 are unique and rotationally symmetric. In the first main result of this work we show that Perelman's analysis of standard solutions can be extended even further to their generalizations on R n+1 : any standard solution in the sense of [20] develops a global singularity at some finite time T cyl only depending on the asymptotic round cylinder at spatial infinity. While it is straightforward to check that T cyl always controls the maximal time of existence of a standard solution from above, the nontrivial aspect consists in proving that the solution always survives until T cyl . We refer the reader to Section 2 for the definitions of standard solutions and of the parameter T cyl . Theorem 1.1. Let g : [0, T ) → Met(R n+1 ) be a standard solution to the Ricci flow (as defined in [20] ). Then there exists T cyl only depending on the dimension and the asymptotic round cylinder at spatial infinity such that the solution develops a global singularity at T = T cyl . Namely, if we write the standard solution as g(t) = ξ 2 (x, t)dx ⊗ dx + φ 2 (x, t)ĝ, whereĝ is the constant curvature one metric on S n , then we find that lim tրT cyl φ(x, t) = 0 for any x ≥ 0.
The existence of a global singularity ensures that by rescaling a standard solution along an appropriate sequence of marked origins diverging to spatial infinity one obtains the self-similar shrinking soliton on R × S n as pointed singularity model. Therefore, the singularity -as expected-is a global neckpinch. In order to understand the behaviour of standard solutions at times close to T cyl we need to characterize the type of singularity. We recall that any Ricci flow solution whose maximal time of existence T is finite can be classified as follows [18] ; the Ricci flow is said to be Type-I if sup M×[0,T ) |Rm g(t) | g(t) (T − t) < ∞, and is said to be Type-II if sup M×[0,T ) |Rm g(t) | g(t) (T − t) = ∞.
Chow and Tian have conjectured that any standard solution is Type-II and that the singularity is modelled by the Bryant soliton [5] once suitably dilated [26, Conjecture 1.2] . Namely, we have the following Conjecture 1.1. (Chow-Tian) Sequences of appropriately scaled standard solutions (as defined in [20] ) with marked origins converge to Bryant solitons in a suitable sense.
Explicit examples of Type-II Ricci flows in dimension higher than two have only recently been constructed. In [14] Gu and Zhu proved that there exists a rotationally symmetric solution to the Ricci flow on S n+1 whose curvature blows up at a Type-II rate. Angenent, Knopf, and Isenberg demonstrated that on S n+1 there exist spherically symmetric Ricci flows that develop Type-II singularities that behave like degenerate neckpinches [1] ; more precisely, they found Type-II solutions on S n+1 that admit both a self-similar shrinking cylinder and the Bryant soliton as pointed singularity models. By extending the analysis in [1] to the R n+1 -topology Wu obtained a family of rotationally symmetric solutions that after rescaling converge to the Bryant soliton near the origin [26] ; moreover, Wu provided evidence in favour of the Chow-Tian conjecture by showing that there do exist standard solutions on R n+1 belonging to such family. Wu's argument relies on a comparison principle with formal solutions to the Ricci flow on R n+1 that are modelled by the Bryant soliton near the origin and are asymptotic to a cylinder at spatial infinity; although this approach allows for a nice control on the rate of blow-up of the curvature at the maximal time, it cannot be generalized to all standard solutions. The second main result of this work gives an affirmative answer to the Chow-Tian conjecture. Namely, we prove the following
) be a standard solution to the Ricci flow (as defined in [20] ). The following properties hold:
(i) The standard solution develops a Type-II singularity at T = T cyl < ∞.
(ii) There exists a blow-up sequence whose associated singularity model is the Bryant soliton. Namely, for any T j ր T there exists a spacetime sequence {(p j , t j )} such that if we set λ j .
subconverge to the Bryant Soliton (up to a fixed homothety). Remark 1.1. We note that a (weaker) three-dimensional version of this result was already known: explicitly, Ding proved that appropriately rescaled three-dimensional standard solutions in the sense of Perelman converge to the Bryant soliton [12] . Remark 1.2. A consequence of Theorem 1.1 and Theorem 1.2 is that standard solutions in the sense of [20] develop degenerate neckpinches. Similarly to the case studied in [26] , Theorem 1.2 also seems to suggest that the formation of Type-II singularities on noncompact manifolds is a stable property. Remark 1.3. It turns out that our proof actually extends to a larger class of Ricci flow solutions which may be described as standard solutions with a weaker regularity requirement for the initial data. We refer the reader to Corollary 4.9 for a precise statement.
In line with Wu's analysis, it is reasonable to expect that under weak constraints the curvature of standard solutions concentrate locally around a tip; therefore, according to Theorem 1.2 such standard solutions should be modelled by the Bryant soliton around the tip once suitably rescaled. In the last result we show that this is indeed the case for a class of standard solutions satisfying a relatively mild pinching condition, which guarantees that the curvature attains a maximum at the origin as long as the solution exists. In the next statement L and K denote the sectional curvatures of a spherically symmetric metric on R n+1 (we refer the reader to Section 2).
) be a standard solution to the Ricci flow (as defined in [20] ) starting at some g 0 . Suppose that g 0 satisfies the pinching condition
Then for any T j ր T there exists a sequence {t j } such that if we set λ j .
to the Bryant Soliton (up to a fixed homothety).
The paper is organized as follows. In Section 2 we provide some basic definitions and we analyse a few key properties of the initial data giving rise to standard solutions in the sense of [20] . In particular we show that any standard solution is controlled at spatial infinity (up to some order) independently of time; that allows us to apply maximum principle arguments to the curvature terms. In Section 3 we essentially extend the analysis to [2] on R n+1 ; we derive that the curvature of the solution is only controlled in terms of lower bounds for the warping function φ. Moreover, we demonstrate that the pinching condition in Theorem 1.3 is preserved in time. In Section 4 we prove the main results. We first give a basic characterization of the singularity models of the standard solutions. Then we show that the singularity must be global by proving that if there is a nonsingular point for the flow then the singular set is contained in a compact region and that forces any singularity model to have Euclidean volume growth, thus contradicting a result by Perelman [23] . Since there is no region on R n+1 where the curvature stays bounded, the asymptotic cylinder at spatial infinity forces any standard solution to survive until T cyl . The proof of the Chow-Tian conjecture relies again on a blow-up argument. Namely, if the standard solution was Type-I, then according to the classification in [13] we could always dilate the singularity at the origin and converge to a nontrivial gradient shrinking Ricci soliton; we prove that the topology of R n+1 prevents that from happening. Having ruled out the Type-I case, the existence of a blow-up sequence giving rise to the Bryant soliton follows from a point-picking argument and the rigidity result for conformally flat steady gradient Ricci solitons proved in [6] . At this point we carefully verify that all the arguments above actually hold for a (slightly) weaker notion of standard solutions, thus proving that the conclusions of Theorem 1.1 and Theorem 1.2 are indeed valid in this setting as well. Finally, Theorem 1.3 is a corollary of the Chow-Tian conjecture once we know that the tip at the origin persists along the flow. Acknowledgements. I sincerely thank my advisor Jason Lotay for his mentorship and constant support and for many helpful conversations.
Preliminaries
Let n ≥ 2 be an integer. We consider spherically symmetric metrics on (0, +∞) × S n of the form
whereĝ is the metric of constant curvature 1 on S n . Without loss of generality we can normalize g along the radial direction by introducing the geometric coordinate
representing the g-distance of the Euclidean hypersphere of radius x from the origin. The metric g becomes
In the following we always regard φ = φ(s) = φ(s(x)) as a function of the variable x (and of time for solutions to the Ricci flow); the spatial derivative with respect to s is therefore intended to be the vector field
It is a general fact that g extends to a smooth and complete metric on R n+1 if and only if
for any integer k ≥ 0. From now on we assume that (4) is satisfied, so that we can define g on the R n+1 -topology. We adopt the same conventions as in [2] ; for any metric g of the form (2) we denote the sectional curvatures of the 2-planes perpendicular to the fibers {x} × S n and the 2-planes tangential to these fibers by K and L respectively. From the rotational symmetry it follows that the Riemann curvature of g is entirely described by K and L which are given by
By tracing we get the formulas for the Ricci tensor and the scalar curvature respectively:
2.1. Initial data for the standard solutions. Following the work of Lu and Tian in [20] , in order to construct standard solutions on R n+1 we first need to identify an appropriate family of initial data for the Ricci flow.
Definition 2.1. We let G n+1 be the set of (smooth) complete rotationally symmetric metrics g on R n+1 satisfying (i) There exists a sequence of points
Remark 2.2. To prove that G n+1 is nonempty and to get a feeling for the metrics contained in this set, we consider g of the form (2) with φ(s) = arctan(s). We first verify that φ satisfies (4) so that g is smooth, complete, and with bounded curvature on any compact region. Conditions (ii) and (iii) of Definition 2.1 follow from the formulas for the sectional curvatures (5) . For what concerns the convergence to the round cylinder of radius r = π/2, we introduce the exhaustion U j . = (−j, ∞) × S n and the family of translations Φ j :
Once we fix an angle θ ∈ S n , the embeddings satisfy Φ j (0, θ) = (2j, θ) for any j. If we denote the points (2j, θ) by p j and (0, θ) by p * , property (i) in Definition 2.1 is then equivalent to showing that
Finally such convergence follows from the fact that |∂ k s arctan(s)| → 0 uniformly in V j as j → ∞, for any k = 1, 2, 3.
Since any g 0 ∈ G n+1 is complete with bounded curvature there exists a solution to the Ricci flow starting at g 0 [25] ; moreover, such solution is unique in the class of complete solutions with bounded curvature on compact subintervals [7] . As a consequence of that, we may give the following definition, due to Lu and Tian [20] . Remark 2.4. We point out that the notion of standard solutions given in the previous definition is weaker than the one originally discussed by Perelman in [24] , where he considered solutions to the Ricci flow evolving from spherically symmetric metrics with nonnegative curvature that split at infinity as the product of a ray and the 2-sphere of scalar curvature one.
In the next Lemma we describe a few rigidity properties for the asymptotic behaviour at spatial infinity of any metric in G n+1 ; the decay of the derivatives of φ (up to some order) will allow us to apply maximum principle arguments to the standard solutions.
Lemma 2.5. For any g ∈ G n+1 of the form (2) the following properties hold:
(i) φ is nondecreasing and
(ii) For any k = 1, . . . , 5 we have
Proof. Since the condition K ≥ 0 is equivalent to φ ss ≤ 0, there exists µ 1 . = lim s→∞ φ s (s); from (4) and the smoothness of the metric it follows that φ s ≥ 0 and hence µ 1 ≥ 0. Therefore we also find that
n with respect toĝ, we can consider a g-orthonormal frame in a neighbourhood of p of the form {∂ s , e i /φ}. The boundedness of the first covariant derivative of the Riemann tensor implies that
where we have used the Koszul formula for the last identity. Since φ ss is integrable and φ is nondecreasing, we derive that K is a smooth nonnegative integrable function with derivative uniformly bounded, thus obtaining that K → 0 as s → ∞.
By the monotonicity of φ we find that φ → µ 0 for some 0 < µ 0 ≤ ∞. Suppose that µ 0 = ∞; then (7) shows that the scalar curvature R g → 0 at infinity because K → 0 and φ 2 s is bounded by 1. However, given {p j }, r and p * as in (i) of Definition 2.1, from the C 3 Cheeger-Gromov convergence to the round cylinder we deduce that
where R g cyl is the constant scalar curvature of the asymptotic cylinder. Therefore R g cannot decay to zero at infinity; equivalently, we have µ 0 < ∞ and hence µ 1 = 0. Furthermore, from K → 0 we get φ ss → 0. The cases k = 3, 4, 5 follow from the conditions K → 0 and |∂
Corollary 2.6. If g ∈ G n+1 then there exist β > 0 and ρ > 0 such that (8) inf
Conversely, if g is a complete rotationally symmetric metric satisfying both (8) and (ii) and (iii) of Definition 2.1, then
Proof. The first implication follows immediately from Lemma 2.5. Consider now g of the form (2) as in the second part of the statement. The same argument in the proof of Lemma 2.5 shows that φ is a nondecreasing concave (with respect to s) function with K = −φ ss /φ → 0 at infinity. If φ → ∞ then the scalar curvature decays to zero, thus contradicting (8) . Therefore, we derive that φ is converging to some r > 0; moreover, any kderivative of φ is converging to zero at infinity for any k = 1, . . . , 5. Similarly to the construction in Remark 2.2 we introduce a family of translations
s φ decays to zero at infinity for k = 1, . . . , 5 we finally obtain
We dedicate the end of this subsection to introducing a quantity only depending on the initial metric g 0 ∈ G n+1 which will turn out to be exactly the maximal time of existence of the standard solution evolving from g 0 . According to (i) of Definition 2.1, for any g 0 ∈ G n+1 there exist a sequence p j → ∞ and r > 0 such that (R n+1 , g 0 , p j ) converges to the round cylinder (R × S n , g cyl (0) = (ds) 2 + r 2ĝ , p * ) in pointed C 3 Cheeger-Gromov topology. The Ricci flow solution on R × S n starting at g cyl (0) is a self-similar shrinker where the sphere factor collapses to a point at time T cyl . = r 2 /2(n − 1). We then make the following Definition 2.7. Given g 0 ∈ G n+1 , we define T cyl as
where r . = lim s→∞ φ(s) is the radius of the asymptotic cylinder at spatial infinity.
We note that by inspecting the proof of Lemma 2.5 we find that R g0 → R g cyl (0) at spatial infinity, with R g cyl (0) = n(n − 1)/r 2 the constant scalar curvature of the round cylinder of radius r. Therefore, we may equivalently rephrase the expression of T cyl in a more geometric way as
,
2.2. Derived equations. We analyse maximal Ricci flow solutions g : [0, T ) → Met(R n+1 ) starting at some g 0 ∈ G n+1 , with T > 0. By the Ricci flow diffeomorphism invariance and the uniqueness result in [7] any solution with initial condition in G n+1 preserves the rotational symmetry; therefore, we may write g(t) as
where s = s(x, t) is the time-dependent g(t)-distance of the Euclidean hypersphere of radius x from the origin. We also note that given two radial coordinates 0 ≤ x 0 < x 1 we will write the g(t)-distance between points p = (x 0 , θ) and q = (x 1 , θ) lying on the same ray, for any θ ∈ S n , using the following shorthand:
From (6) we derive the evolution equations for ξ (11) ξ t = n φ ss φ ξ and for the radius φ
Since the geometric variable s depends on time, we have a nonvanishing commutator between ∂ s and ∂ t ; from (11) we find
Using the commutator formula and (12) we compute the equations for the first derivative of φ
and for its second derivative
Similarly to [2] we introduce the quantity
We also write the expression for the Laplacian along the flow: for any smooth function f the Laplacian associated with the solution to the Ricci flow at time t is given by
We note that any equation written so far can also be found in [2] .
Analysis of the standard solutions
We first report a result by Lu and Tian which essentially shows that G n+1 is closed with respect to the Ricci flow problem. In the following we let p j and r be as in (i) of Definition 2.1.
) be the maximal solution to the Ricci flow starting at some g 0 ∈ G n+1 . For any T ′ ∈ (0, T ) there exists a subsequence of (R n+1 , g(t), p j ) which converges in C 3 Cheeger-Gromov pointed topology to the self-similar shrinking cylinder
The previous Lemma, Shi's derivative estimates [25] and Hamilton's strong maximum principle for systems [16] imply the following
) be the maximal solution to the Ricci flow starting at some g 0 ∈ G n+1 . Then g(t) ∈ G n+1 for any t ∈ [0, T ).
Remark 3.3. We note that as a consequence of Corollary 3.2, the asymptotic behaviour of the warping function φ described in Lemma 2.5 persists along the flow once we regard s = s(x, t) as the g(t)-distance of the Euclidean hypersphere of radius x from the origin. Moreover the spatial derivative of φ becomes strictly positive as soon as the flow starts. For if φ s (x 0 , t) = 0 at some radial coordinate x 0 , then φ s (x, t) = 0 for any x ≥ x 0 because φ ss ≤ 0 and the solution is complete; however, by real-analyticity of solutions of the Ricci flow [3] that implies that φ s (·, t) ≡ 0, which contradicts the boundary conditions (4).
3.1. Standard solutions develop finite-time singularities. We recall that for any initial metric g 0 ∈ G n+1 we introduced a notion of maximal time T cyl given by the Ricci flow solution on the asymptotic round cylinder (see Definition 2.7). The standard solution starting at g 0 cannot exist past T cyl .
Proof. From (12) and the formula for the Laplacian (18) we find
. By applying the maximum principle [9, Theorem 12.14] to the evolution equation of φ 2 we get that φ 2 (·, t) ≤ sup φ 2 (·, 0) − 2(n − 1)t as long as the solution exists. From the monotonicity of φ and Lemma 2.5 it follows
with r the radius of the asymptotic cylinder at infinity. Therefore, by Definition 2.7 we conclude
3.2. Curvature estimates. Since the curvature operator is strictly positive for any t > 0, from (5) and Remark 3.3 it immediately follows that 0 < φ s (·, t) ≤ 1 for any t ∈ (0, T ); we thus find 0 ≤ φ 2 L ≤ 1 uniformly in R n+1 × [0, T ). In the next Lemma, we derive a control on the Riemann curvature which is analogous to [2, Lemma 7.1].
Lemma 3.5. There exists a positive constant α only depending on the dimension and the initial metric g 0 such that
Proof. Since φ 2 L is uniformly bounded in the spacetime and the Riemann curvature is entirely determined by the sectional curvatures K and L, the Lemma follows once we show that φ 2 K is uniformly bounded as well. To this aim we consider the quantity A defined in (16) . By (4) A(0, t) = 0 for any time; since by Lemma 2.5 -which extends to any time t ∈ [0, T ) as observed in Remark 3.3 -we find that A(s, t) → 1 at spatial infinity uniformly with respect to time, we conclude that A is controlled along its parabolic boundary in [0, T ). Therefore, if A approaches −∞ somewhere as t ր T , then for any (sufficiently) large α > 0 there exists a spacetime minimum point (p 0 , t 0 ) such that A(p 0 , t 0 ) = −α for the first time. From (17) and Remark 3.3 we get A t (p 0 , t 0 ) > 0. We may thus conclude that A ≥ inf A(·, 0). The same proof shows that A is also uniformly bounded from above. Since φ 2 K = φ 2 L − A and all the quantities on the right hand side are uniformly controlled, the proof is complete.
From the estimate (20) we immediately deduce a uniform control on the time derivative of the radius φ. Proof. Given p ∈ R n+1 and a local frame {∂ s , e i } around p, with {e i } aĝ-orthonormal frame on S n , by (20) we find
A pinching condition for standard solutions. Assume that g 0 ∈ G n+1 satisfies the following scale-invariant pinching condition: (21) implies that g 0 has a tip located at the origin; moreover, this tip persists along the standard solution evolving from g 0 . Lemma 3.7. Let g 0 ∈ G n+1 satisfy the pinching condition A(·, 0) ≥ 0. Then A(·, t) ≥ 0 for all t ∈ [0, T ). Moreover, for any p ∈ R n+1 and t ∈ [0, T ) the following holds:
Proof. By (4) A(0, t) = 0 for all t ∈ [0, T ). Moreover, from Lemma 2.5 we find that A(x, t) → 1 as x → ∞ as long as the standard solution exists. Once we know that A is uniformly bounded along the parabolic boundary, it follows immediately from the evolution equation (17) that A cannot become negative at some t > 0. We now prove that the condition A(·, t) ≥ 0 forces the scalar curvature of the standard solution (and hence the Riemann curvature) to attain a global maximum at the origin, for any t ∈ [0, T ). We first note that for any x > 0 and for any t ∈ [0, T ) we have
where we have also used the property φ s (·, t) ≥ 0 (see Lemma 2.5). From (4) we derive that φ sss (0, t) exists finite for any t ∈ [0, T ); we may thus apply l'Hôpital's rule to find that R g(t) (0, t) = n(n + 1)(−φ sss )(0, t) = n(n + 1) lim
Remark 3.8. It is straightforward to check that the metric g in Remark 2.2 satisfies the pinching condition (21); therefore Theorem 1.3 applies to this case.
4. Blow-up of standard solutions 4.1. Type-I and Type-II limits of standard solutions. In this subsection we introduce the setting for the blow-up analysis; we also describe general properties of Type-I and Type-II limits which will be used to show that standard solutions both develop a global singularity and approach the Bryant soliton once appropriately dilated. We define the singular set Σ ⊂ R n+1 by the following property: given a point p ∈ R n+1 then |Rm g(t) | g(t) stays bounded in some neighbourhood of p as t ր T if and only if p ∈ R n+1 \ Σ. In the next Lemma we prove a general result about Type-I and Type-II blow-ups of standard solutions. The first part is just a direct application of the general analysis of Type-I singularities performed in [22] and [13] ; the second part of the statement follows from standard theory, therefore we only sketch the argument. 
Proof. We first note that by Lemma 3.4 any standard solution develops a finite-time singularity; therefore the distinction between the Type-I case and the Type-II case in the statement is exhaustive. (ii) Since any g 0 ∈ G n+1 is equivalent to a round metric on the cylinder outside some compact region, it follows that V ol g0 B g0 (p, 1) ≥ α > 0 for any p ∈ R n+1 , for some α > 0. Therefore the injectivity radius of g 0 is bounded away from zero and we can apply the adaptation of Perelman's No local collapsing theorem [23] to the complete bounded curvature Ricci flow proved in [8, Theorem 8.26] : the solution g(t) is (weakly) k−non collapsed in R n+1 × (T /2, T ) at any scale r ∈ (0, T /2), with k some positive constant only depending on g 0 and T . Since the solution is spherically symmetric and has nonnegative curvature operator the scalar curvature controls the geometry of the flow; the rest of the proof follows by a standard pointpicking argument (see, e.g., [18, Section 16] ).
In the following whenever we rescale standard solutions we always consider Type-I and Type-II blow-up sequences defined as in Lemma 4.1; the singularity model is thus denoted by (M ∞ , g ∞ (t), p ∞ ) t∈(−∞,ω) , with ω = 1 or ω = ∞ in the Type-I case or in the Type-II case respectively. We also let {U j } and Φ j : U j → B gj (0) (p j , 2 j ) be the exhaustion of M ∞ and the diffeomorphisms given by the Cheeger-Gromov-Hamilton convergence (see [8, Chapter 4] ). We point out that the singularity model constructed above is always a complete, noncompact and nonflat ancient solution to the Ricci flow with bounded curvature on any spacetime region of the form M ∞ × (−∞,t), for anyt < ω.
By the rotational symmetry of the standard solutions we may fix an arbitrary elementθ ∈ S n and we may choose the blow-up sequence to be of the form p j = (x j ,θ); we note that by (i) of Lemma 4.1 the radial coordinate x j is a fixed radius independent of j in the Type-I case. We consider the following regions: for any ν > 0 we define
The rotational symmetry of the solutions ensures that V (j, ν) are annular regions in R n+1 . The sets V (j, ν) will be used to obtain a nice exhaustion of the limit manifold M ∞ . A first consequence of this method is the following, which generalizes [11, Lemma 5.2]; for the sake of completeness, we report the proof here.
Proof. In order to construct a good exhaustion of M ∞ we need the following property. 
for any ν ≥ν.
Proof of Claim 4.3. It suffices to show that for any
The estimate follows from (20) ; namely, we can find some positive constant k only depending on the dimension such that
We note that by Claim 4.3 the maps Φ −1 j given by the Cheeger-Gromov-Hamilton convergence are well defined on V (j, 2 j−1 ) for j > j 0 , for some j 0 . We can pickj 0 > j 0 sufficiently large such that for any q ∈ U j0 we have
We thus obtain the following inclusions
Since we can iterate the method by replacing U j0 with Uj 0 +2 , we may conclude that M ∞ admits an exhaustion {Ṽ j } of simply connected open sets; that completes the proof.
In the next Lemma we provide a classification of singularity models of standard solutions. 
(ii) (M ∞ , g ∞ (t)) is conformally flat and has positive curvature operator everywhere in the spacetime . Moreover
Proof. Since the rescaled solutions given in Lemma 4.1 converge smoothly to (M ∞ , g ∞ (t)) we immediately find that Rm g∞(t) ≥ 0 for any t ∈ (−∞, ω). Similarly, if n = 2 (i.e. the threedimensional case) then we deduce that the Cotton tensor of the singularity model is identically zero 2 , thus showing that (M ∞ , g ∞ (t)) is conformally flat; the same conclusion holds when n ≥ 3 by taking the Weyl tensor instead of the Cotton tensor. Suppose that there exists q ∈ M ∞ and t ∈ (−∞, ω) such that Rm g∞(t) (q, t) > 0. By Hamilton's strong maximum principle [16] we derive that the curvature operator is positive everywhere in the space-time; from the soul theorem it also follows that M ∞ = R n+1 . Conversely, assume that there exists q ∈ M ∞ and t ∈ (−∞, ω) such that the curvature operator is not strictly positive. Then Hamilton's strong maximum principle implies that the holonomy of the singularity model is not maximal. Since (M ∞ , g ∞ (t)) is noncompact, nonflat and has nonnegative curvature we find that g ∞ (t) either has reducible holonomy or is Kähler. However, for any real dimension 2m ≥ 4, any conformally flat Kähler manifold is scalar flat [4, Proposition 2.68]; therefore, in the Kähler case the singularity model would be flat being the curvature operator nonnegative, which is a contradiction. We thus conclude that the holonomy is reducible. Since by Lemma 4.2 M ∞ is simply connected and by Lemma 4.1 g ∞ (t) is complete, we may apply de Rham's decomposition theorem and obtain that the singularity splits off a line. Finally a Riemannian product R × N is conformally flat if and only if N is a space form [19, Section C]; therefore we find that (M ∞ , g ∞ (t)) must be the self-similar shrinking soliton on R × S n .
Remark 4.5. We note that both Lemma 4.2 and Lemma 4.4 extend to general singularity models for standard solutions. Namely, whenever {(p j , t j )} is a blow-up sequence such that the rescaled Ricci flows (R n+1 , g j (t), p j ) defined by g j (t) = λ j g(t j + t/λ j ), with λ j = |Rm|(p j , t j ), converge to a complete nonflat ancient solution (M ∞ , g ∞ (t), p ∞ ) t∈(−∞,ω) , then (M ∞ , g ∞ (t)) still satisfies Lemma 4.2 and Lemma 4.4. Therefore, Lemma 4.4 characterizes any singularity model for the standard solutions. However, such classification is not extremely useful; we are not able to determine further if it is the case that whenever the singularity model is not the self-similar shrinker on the cylinder then it must be isometric to the Bryant soliton. The proof of the Chow-Tian conjecture indeed relies on a point-picking argument; that accounts for our choice to only focus on Type-I and Type-II blow-ups.
4.2.
Standard solutions survive until T cyl . We dedicate this subsection to the proof of Theorem 1.1; the following argument is a generalization of Claim 4 in Section 2 of [24] to the family of standard solutions described in Definition 2.3.
Proof of Theorem 1.1. We first show that the singularity is global by proving that lim tրT φ(p, t) = 0 for any p ∈ R n+1 ; in the second part we verify that standard solutions always survive until T cyl (see Definition 2.7).
Step 1: The singularity is global. Since the Ricci curvature is nonnegative along the flow, for any p ∈ R n+1 the time-dependent function φ(p, ·) admits a nonnegative limit as t ր T . Assume for a contradiction that lim tրT φ(x 0 , t) . = µ > 0 for some radial coordinate x 0 > 0; from the spatial monotonicity of φ it follows that lim tրT φ(x, t) ≥ µ > 0 for any x ≥ x 0 . We may then define ρ ≥ 0 to be the largest radial coordinate for which lim tրT φ(ρ, t) = 0. Let x > ρ; once we fix an angle θ ∈ S n we can extend a localĝ-orthonormal frame {e i } on S n to a g(t)-orthonormal frame around p = (x, θ) of the form {∂ s , e i /φ} for any t ∈ [0, T ). Using the commutator formula (13) and the Koszul formula we find
Since x > ρ there exists γ = γ(x) > 0 such that φ(x, t) ≥ γ > 0 as long as the solution exists. From (20) and Shi's derivative estimates we deduce that (|Rm g(t) | + |∇ g(t) Rm g(t) |)(x, t) ≤ α(x) < ∞ uniformly in [0, T ). Therefore we can bound the right hand side of (23) by a uniform positive constant only depending on x, thus obtaining that φ s (x, ·) is a Lipschitz function of time on [0, T ). As a consequence of that, we derive that φ s (x, ·) admits a (finite) limit as t ր T for any x > ρ. We suppose for a contradiction that lim tրT φ s (x, t) = 0 for all x > ρ. Let i be a positive integer to be chosen below. In the following we assume without loss of generality that ρ > 0 because the proof for the case ρ = 0 does not require modifications. By using (3) and the notation (10), for any t ∈ [0, T ) we have
where the last inequality follows from φ s being nonincreasing and bounded from above by one uniformly in [0, T ). Since the curvature is nonnegative, from (10) and (11) we derive that the g(t)-distance between two radii is a nonincreasing function of time
3
. We thus obtain
By assumption we find that there exists δ > 0 such that φ(2ρ, t) ≥ δ. Let us choose i large enough such that d g(0) (ρ − i −1 , ρ + i −1 ) < δ/4. Since both φ(ρ − i −1 , t) and φ s (ρ + i −1 , t) converge to zero as t ր T , we may pickt sufficiently close to T such that the right hand side of (24) is as small as we need at timet; that gives us a contradiction. Therefore there existsx > ρ and β > 0 such that φ s (x, t) → 2β as t ր T . We can then fix t 0 satisfying φ s (x, t) ≥ β for any t ≥ t 0 . Since φ ss ≤ 0, we also get (25) inf
where B(0,x) is the Euclidean ball centred at the origin of radiusx > 0. Consider a rescaled solution as in Lemma 4.1 converging smoothly on compact sets to a sin-
Claim 4.6. For any ν > 0 there exists j 0 = j 0 (ν) such that for all j ≥ j 0 the following holds:
Proof of Claim 4.6. Assume for a contradiction that there exist ν > 0 and a subsequence q j = (y j , θ), for some θ ∈ S n , such that q j ∈ B gj (0) (p j , ν) and y j >x. If we denote the family of embeddings given by the Cheeger-Gromov-Hamilton convergence by Φ j , then for j large enough we find Φ −1 j (q j ) ∈ B g∞(0) (p ∞ , 2ν). Since the singularity model has nonnegative curvature operator (Lemma 4.4), if R g∞(0) (q, 0) = 0 for some q ∈ M ∞ , then by a standard 3 Namely, for any 0 ≤ x 0 < x 1 and for all θ ∈ S n we get
application of the maximum principle to the evolution equation of the scalar curvature we deduce that g ∞ (0) is Ricci flat and hence flat; that is a contradiction to the choice of the rescaling in Lemma 4.1. Therefore the scalar curvature of the singularity model must be strictly positive; we then obtain that R g∞(0) ≥ ǫ on B g∞(0) (p ∞ , 2ν) for some ǫ > 0. However, from (20) and the fact that y j >x > ρ we derive 4 that for j sufficiently large the following holds:
Let ν >ν withν given in Claim 4.3. Consider the annular region V (j, ν) defined as in (22); we let µ j > 0 be the positive quantity satisfying
Assume that j is large enough such that the inclusion in Claim 4.6 is verified; equivalently, we have x j + µ j ≤x. From (25) it follows
for any x ∈ (x j , x j + µ j ). We thus obtain
for some positive constant α independent of j that we have renamed from line to line. We finally conclude that for any ν ≥ν, withν defined in Claim 4.3, by the Cheeger-GromovHamilton convergence and (26) there exists j large enough satisfying V ol g∞(0) B g∞(0) (p ∞ , 4ν) ≥ V ol gj (0) B gj (0) (p j , 2ν) ≥ V ol gj (0) V (j, ν) ≥ α(n)ν n+1 .
The last control shows that g ∞ (0) has Euclidean volume growth: equivalently, the asymptotic volume ratio of g ∞ (0) is positive. Since the singularity model is complete, noncompact and nonflat, with nonnegative curvature (Lemma 4.4) bounded for all nonpositive times, the asymptotic volume ratio must vanish (see, e.g., [10, Theorem 9.30] ; that is a contradiction. Therefore the singularity is global and lim tրT φ(p, t) = 0 for all p ∈ R n+1 .
Step 2: the standard solution survives until T cyl . By Lemma 3.4 we know that T ≤ T cyl ; suppose for a contradiction that T cyl − T . = δ > 0. According to Corollary 3.6 there exists a uniform constant α > 0 only depending on g 0 and the dimension such that |∂ t φ 2 | ≤ α in R n+1 × [0, T ). We pick T ′ ∈ (0, T ) such that the following inequality is satisfied:
(27) sup
|∂ t φ 2 | < δ T − T ′ , with δ defined above. Since T ′ < T there exists a positive constant C T ′ depending on T ′ such that by Shi's derivative estimates |∇ k Rm g(t) | g(t) ≤ C T ′ in R n+1 × [0, T ′ ]. We thus find that φφ ss (x, ·) is a Lipschitz function of time in [0, T ′ ] with some Lipschitz constant independent of x ≥ 0. From the latter property and Lemma 2.5, which holds as long as the solution exists, we deduce that for any ǫ > 0 there exists x T ′ large enough such that |φφ ss |(x, t) ≤ ǫ for all 4.4. Extension of the results to a larger class of standard solutions. In this subsection we show that both Theorem 1.1 and Theorem 1.2 actually extend to a larger family of Ricci flows. We first consider the following set of initial data: Definition 4.8. We let G * n+1 be the set of (smooth) complete rotationally symmetric metrics g on R n+1 satisfying (i) There exist β > 0 and ρ > 0 such that inf R n+1 \B(0,ρ) R g ≥ β > 0.
(ii) Rm g ≥ 0 everywhere and Rm g (p) > 0 for some p ∈ R n+1 . (iii) There exists α > 0 such that on R n+1 |Rm g | g + |∇Rm g | g ≤ α.
From Corollary 2.6 we immediately derive that G n+1 ⊂ G * n+1 . The same argument in the proof of Lemma 2.5 shows that there exists r > 0 such that φ → r and both φ s → 0 and φ ss → 0 as s → ∞. In particular we can define T cyl = r 2 /(2(n − 1)) in this case as well. Since the asymptotic behaviour at spatial infinity is again preserved by the Ricci flow solution evolving from g ∈ G * n+1 , the key estimate (20) holds in this setting as well. Therefore, the blow-up analysis generalizes to Ricci flows in G * n+1 . We have thus shown the following Proof of Theorem 1.3. Let {(p j , t j )} be a blow-up sequence whose associated singularity model is the Bryant soliton as in (ii) of Theorem 1.2. Then, by Lemma 3.7 the family {(0, t j )} is another blow-up sequence giving rise to the Bryant soliton in the limit.
